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Abstract 

Arone and Turchin obtained the Hodge decomposition in the homology and homotopy of the high 
dimensional anologues of spaces of long knots. Next they showed that when the dimensions are in 
the stable range, the rational homology and homotopy of these latter spaces can be calculated as the 
homology of a direct sum of certain finite graph-complexes that they described explicitly. In this paper, 
we generalize all these results to high dimensional analogues of spaces of string links. 

The methods of our paper are applicable in the range when the ambient dimension is at least twice 
the maximal dimension of a link component plus two, which in particular guarantees that the spaces 
under the study are connected. However, we conjecture that our homotopy graph-complex computes the 
rational homotopy groups of links spaces always when codimension is greater than two, i.e. always when 
the Goodwillie-Weiss calculus is applicable. Using Haefliger’s approach to study isotopy classes of higher 
dimensional links, we confirm our cojecture at the level of 7ro. 


0 Introduction 

In this paper we further develop the connection between the study of embedding spaces, operad theory, and 
graph-complexes. Our results are partially influenced by Bar Natan’s work [4], where he describes the space 
dual to weight systems (counting Vassiliev invariants) of string links in M 3 as a certain space of unitrivalent 
graphs modulo AS and IHX relations, with univalent vertices being colored by the components of the links, 
see also [7, Section 5.10] for more details. This space is built from the components of the modular envelop 
Mod(Lie) of the operad of Lie algebras [25]. One of our main results says that the rational homotopy 
of the space of higher-dimensional string links is described as the homology of a graph-complex similarly 
built from the components of the modular envelop of Loo- 1 In particular Bar Natan’s space of unitrivalent 
graphs with colored univalent vertices appears as the bottom degree homology of our complexes. In this 
paper we produce two different graph-complexes computing the rational homotopy of spaces of string links. 
One of them is built from the components of Mod)!^) and another one has building blocks desrcibed in 
terms of the homology of configuration spaces of points in Euclidean spaces. Both complexes resemble those 
appearing in the Bott-Taubes type integration, see for example [37, 38]. The obtained complexes all split 
into a direct sum of finite complexes. In the follow up paper [41], we compute the generating function of 
the Euler characteristics of the summands of these complexes (both for the homology and homotopy). As a 
byproduct result in [41], we compute the supercharacter of the symmetric group action on the positive arity 
components of Modfioo). 

1 For the notion of a modular operad and modular envelop, sometimes called modular closure, see [18, 31, 25]. 
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Let d be the dimension of the ambient space. Let r > 1, and let mi,-- - ,m r > 1 be r integers. A 
high-dimensional string link of r strands is a smooth embedding /: 111= =1 R d that coincides out¬ 
side a compact set with a fixed embedding l: K m * ^ R d affine on each component. When r is 

understood we will just say high-dimensional string link. The space of high-dimensional string links, de¬ 
noted Emb c (IlLi^S R d ), is the collection of all high-dimensional string links endowed with the weak 
C°°-topology. Similarly, we define the space Imm c (111= of smooth immersions u: =1 K rai •h 

that coincide outside a compact set with By definition, there is an inclusion Emb c 
Imm c aiu®"**.®"). and its homotopy fiber over u, denoted Emb c is the space under our 

study in this paper. Notice that the case r = 1 was extensively studied in [2] and [3] by Arone and Turchin. 
They obtain the Hodge decomposition in the rational homology IT*(Emb c (K m ,K“),Q) and in the rational 
homotopy Q ® 7r*Emb c (K m , K d ), d > 2m + 1. Then they explicitly describe graph-complexes computing 
iL*(Ernb c (K m ,K d ),Q) and Q ® 7r*Emb c (K m , K d ). 

Because of the high codimension, the space Emb c is connected and moreover its homotopy 

type does not depend on the choice of the fixed affine embedding i. In particular we can choose l in a 
way that all connected components of the fixed unlink are parallel to a given line. Concatenation of links 
along the direction of this line defines an H -space structure on Emb c (]J-_- l R mi ,R d ), which implies that the 
rational homology of Emb c is a cofree cocommutative coalgebra cogenerated by the rational 

homotopy. The same is true for the graph-complexes that we study. 

In order to describe our graph-complexes, we need Theorem 0.1 below, which is a generalization of [2, 
Theorem 1.3]. Before stating Theorem 0.1, we will recall two notions. The first one is that of right f 1- 
modules. Let f l be the category of finite unpointed sets whose morphisms are surjections. A right fl-module 
is a contravariant functor from to any given category. We denote by Rmod the category of right f l- 

modules of chain complexes over Q. Abusing notation let z G U denote the set {1,..., z}. The category of 
right O-modules of Q-vector spaces is an abelian category with the set of projective generators Q[honin(i, —)], 
z > 0. Using this fact we endow Rmod with the structure of a (cofibrantly generated) model category, whose 
weak equivalences are quasi-isomorphisms, and fibrations are degreewise surjective maps [26]. (We call it 
projective model structure.) We denote by Rmod(—, —) the space (chain complex) of maps between two O- 
modules, and by hRmod(—, —) the derived mapping space. For specific computations we will need to apply 
this construction only to Q-modules with zero differential, in which case hRmod(—, —) can be expressed as 
a product of certain Ext groups. 

As an example of a right fi-module (the one that appears in Theorem 0.1), we have the following. Let 
A be a pointed topological space. Define the functor A A * that assigns to the set {1,2,..., fc} the space 
X Ak = X A • • • A A (here "A" is the smash product operation). By A A0 we mean the two-point space - zero 
k 

dimensional pointed sphere S°. The morphisms are induced by the diagonal maps. This functor is a right 
O-module with values in topological spaces. Thus the functors C*(A A *) (here C*(—) denotes the reduced 
chain complex functor), iT*(A A *) (with zero differential) are objects of Rmod. 

The second notion we need to recall is that of right T-modules, which is the same as the previous one with the 
category O replaced by the category T. Recall that objects in T are finite pointed sets, while morphisms are 
pointed maps. As before we have the category Rmod (of right T-modules in chain complexes). We similarly 

denote by Rmod(—,—) the mapping space and by hRmod(—,—) the derived mapping space between two 

right T-modules. The example of a right T-module we look at is IT* (C(*, R d ), Q), d > 2, where C(k,R d ) 
denotes the configuration space of k labeled points in R d . A way to see that iL*(C(*,K d ),Q) is a right 
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T-module is the fact that it is an infinitesimal bimodule (see [2, Definition 3.8] or [42, Definition 4.1] for the 
definition of an infinitesimal bimodule ) over Com = Hq(C(», R d ), Q) since there is an obvious morphism of 
operads Com —» R d ), Q), the target Z/*(C(*, R d ), Q) = Q) is the homology of the little 

discs operad Bd(*), which is well known to be the graded Poisson algebras operad [8]. It is also well known 
that an infinitesimal bimodule over Com is the same thing as a right T-module (see [2, Corollary 4.10] or 
[42, Lemma 4.3]). One can also show that the sequence Q(8)7r*C(*,K d ), d> 3, has a natural structure of a 
right T-module. 

In [35] Pirashvili constructs a functor (called cross effect) cr: Rmod —> Rmod that turns out to be an 

equivalence of categories. Let i/*(C(*,R d ), Q) (respectively Q (g> if *C(*,R d )) denote the cross effect of 
//*(//(•, R d ),Q) (respectively the cross effect of Q 0 7r*C(*,M d )). 

We are now ready to state our first result, which concerns the rational homology of Emb c (Ui=i RTn4 > Rd )- 
Theorem 0.1. For d > 2max{?n,;| 1 < * < r} + 1, there is an isomorphism 


i/«(Emb c ([]M"\R d ),Q) £* H (hRmod (^((V^^T*,Q),/Z*(C(.,R d ),Q))) . (0.1) 

i =1 

Our second result concerns the rational homotopy of Emb c (UUR™-,^), and is the following. 

Theorem 0.2. For d > 2max{?n,;| 1 < i < r} + 1, there is an isomorphism 


Q0 7r,Ernb c (]J]R m ‘,R d ) £* H (hRmod (iZ*((V/ =1 S mi ) A *, Q), Q 0 ^*C'(.,M d ))) . (0.2) 

i —1 

The main ingredients in the proof of Theorem 0.2 are Theorem 0.1 and hairy graph-complexes that will be 
explicitly described in Subsection 2.1. 

In the following lines, we will see the Hodge decomposition in the homology 7L*(Emb c (]Q) =1 U d ),Q). 
Notice that our decomposition can be viewed as a generalization of a result of Pirashvili [36], which concerns 
the Hodge decomposition for the S’ m -homology of any right T-module (a.k.a. Hodge decomposition for the 
higher order Hochschild homology). We say "generalization" because, as in [40] or as we will see in Section 1, 
it is not difficult to show that the homology U*(Emb c (U] =1 , K d ),Q) is the Vt =1 £ mi -homology of the 
T-module iL*(C(*,Q)). The Hodge-type splitting that we study can be in the same way defined for the 
VC =1 S m ‘ higher Hochschild homology of any P-module and appears because C , *((V( =1 <S' rni ) x *, Q) is formal 
as a right T-module (which itself is equivalent to the fact that its cross effect O-module C'*((Vt =1 S' mi ) A *, Q) 
is formal). More generally such splitting in higher Hochschild homology takes place for any suspension and 
has been recently studied in [45]. 

The right hand sides of (0.1) and (0.2) can be split as follows. For any homomorphism of finite groups H —> G, 
let Ind^) denote the induction functor from //-representations to //-representations, which is left adjoint to 
the restriction functor. 2 In most of the cases G will be a symmetric group and // be its subgroup. Let us 
consider the right Q-module Z/*((Vt =1 S' rn ' i ) A *,Q) that appears in (0.1). By definition, its fcth component is 

Explicitly, since we deal with the right action: Tnr] j) V = V ®q[h] Q[G]. 
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given by 


H*((v r i=1 s m <) Ak ,Q) = h* I (v; 1 r)A...A(v; 1 r),( 


Thus 


\/ ( 5 m 'i A--- AS mi *),<> 

\ii,— <ik—$ 

= H, I \J \J S simi A • • • A s s - r 

\ sH-fs r =fc „ t k ' s i 


H*((vUS m T k ,®)=Zk 0 Ind|; iX ... xEsrJ ff*(^ iroi 


H-)- s r m r 


siH-1 -s r =k 


This implies the following isomorphism of right O-modules 


(0.3) 


H*{(V r i=1 S mi ) A ' 


ST\ n m l'" m r 

\U ’ 

si,--- ,s r >0 


(0.4) 


where Q”( 1 .'.' s ( nT ' is the right O-module defined by 


I 0 if k + Si + 

Vsi "' s - w \ Ind§^ x ... xE ^.H r *(<S' Simi ~ l tsrm. r ; q) if fc = Sl + 

Any non-bijective surjection acts on automatically as zero. 

On the other hand, we have the splittings 

i?*(C(.,K d ),Q) = Y[H t(d _ 1) (C(»,SL d ), Q). 

t>0 


0 5 r . 


(0.5) 


( 0 . 6 ) 


Q 0 7T*C (•, R d ) = JJq 0 7ft(d-2)+ 1 C'( # > K d ). 
t>0 


(0.7) 


Combining (0.1), (0.2), (0.4), (0.6), and (0.7), it is not difficult to get the following splittings 


i7*(Ernb c ([]K m -,K d ),Q) S* [] ff*hRmod (QE™,Ht (d -i)(C(.,M d ),Q)) 

i=l si ,-•• ,s r ,£ 

= 0 //*hRmod(0-™,# t(d _i)(C(.,M d ),Q)). (0.8) 

Si ,S r ,t 
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Q®7r,(Emb c ([]K m *,R d )) * [] ff.hRmod (Q™™, Q ® *t(d- 2 )+iC(», R d )) 

i— 1 s ,s r ,t 

= 0 F*hRmod(Q™™>Q®^(rf-2)+iC'(.,M d )). (0.9) 

Si ,••• ,s r ,t 

The product is replaced by the direct sum because only finitely many factors contribute for any given 
degree. We use here that d > 2max{?77.,;| 1 < i < r} + 1. This can be seen from the explicit description 
of our complexes analogously to the case r = 1, see Remark 2.4. (For (0.9), this is true even for a weaker 
constraint d > max{m.i| 1 < i < r} + 2.) The splitting by si,..., s r will be called Hodge splitting and the 
splitting by t will be called splitting by complexity. 

The current paper is the first one of our project. In the second one [41], we determine the generating 
functions of the Euler characteristics of the summands in (0.8) and (0.9). By the time when our project was 
completed, another work by Fresse, Willwacher and the second author appeared [16], where among other 
things, by very different techniques, the statement of Theorem 0.2, equivalently (0.9), was improved for r = 1 
to codimension d — m\ > 2. 3 Using the classical study of the isotopy classes of higher dimensional spherical 
links due to A. Haefliger and others [24, 10], we confirmed, see Theorem 3.2, that (0.9) holds at the level 
of 7To always when codimension> 2. Based on these facts, we conjecture that this identity (0.9) is true for 
* > 0 and d — max{rrii\ 1 < i < r} > 2, see Conjecture 3.1. 

Outline of the paper. 

- In Section 1 we prove Theorem 0.1, which determines the rational homology of the space of high 
dimensional string links. The proof is essentially based on a version, developed by Arone and Turchin 
in [2], of the Goodwillie-Weiss embedding calculus [20, 46]. It uses the relative formality theorem (of 
the inlcusion B n c —^ Bd of the little n-disks operad inside the little d-disks operad) proved for d > 2n +1 
in [28] and improved to the range d > n + 2 in [44]. It also uses the fact that the right O-module 
C*((Vj =1 S' Tni ) A, ,Q) is formal in the category Rmod. 

- In Section 2 we prove Theorem 0.2, which determines the rational homotopy of Emb c (UI =1 M m SM d ). 
The plan of the proof is the same as that of [3, Theorem 1.1 (ii) ], for which our theorem is a gen¬ 
eralization. In order to prove [3, Theorem 1.1 (ii)], the authors, Arone and Turchin, explicitly de¬ 
scribe hairy graph-complexes computing the rational homology and the rational homotopy of the space 
Emb c (K m , K d ). Our complexes, explicitly described in Section 2.1, are the same as theirs except that 
the external vertices of our graphs are colored by the components of the links. They are obtained by 
taking the injective resolution of the target O-modules in (0.8) and (0.9). Theorem 0.2 follows from 
the fact that the homotopy hairy graph-complex turns out to be exactly the subcomplex of connected 
graphs of the homology hairy graph-complex. 

- Section 3 is devoted to Conjecture 3.1 saying that our hairy graph-complex computes the rational 
homotopy of Emb c (Ul =1 R m SM d ) for any codimension > 2. We show Theorem 3.2 that the statement 
of the conjecture is true at the level of ttq. From the point of view of the hairy graph-complex only its 

3 More precisely they proved that the rational homotopy groups of the little discs operads mapping space hOper(B m , Bd), 
d — m > 2, are computed by the (shifted) hairy graph-complex £™’ d that describes explicitly the right-hand side of (0.9) 
(see Section 2). (In [16] this complex is denoted by HGC m ,/.) The latter result implies ours thanks to the delooping result 
Emb c (R m ,R d ) ~ f2 m+1 hOper(B m ,B^) from [5], see also [11, 12, 14, 43]. 
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tree part can contribute to degree zero. Another way to say it is that the rational additive invariants of 
higher dimensional string links can all be expressed as generalized Milnor type invariants [6, 21, 27, 32], 4 

- In Section 4 we explicitly describe graph-complexes computing the rational (co)homology and homotopy 
of Emb c (n;i =1 K m *,K d ), which are obtained by taking projective resolution of the source Q-modules 
in (0.8) and (0.9). We use here the fact that a right Q-module is the same thing as a right module 
over the commutative non-unital operad Com + and also the Koszul duality between Com + and the 
operad Lie of Lie algebras. The obtained complexes are thus called Koszul complexes. We use them 
in the follow up paper [41] for the computations of the Euler characteristics of the summands in (0.8) 
and (0.9). We also show that natural truncations of the Koszul complexes can be used to determine 
the stages of the Goodwillies-Weiss towers T.C*(Emb c QJ' =1 R d ), Q) and (conjecturally) Q (g> 
7r*T.Emb c (]Jf =1 K mi , R d ). 

Acknowledgements This work has been supported by Fonds de la Recherche Scientifique-FNRS (F.R.S.- 
FNRS), that the authors acknowledge. It has been also supported by the Kansas State University (KSU), 
where this paper was partially written during the stay of the first author, and which he thanks for hospitality. 


1 The rational homology of Emb c (]J[ =1 M TOi , 

The goal of this section is to prove Theorem 0.1 announced in the introduction. 

The first and main step in proving Theorem 0.1 is Theorem 1.4. Propositions 1.2 and 1.3 below will be used 
in the proof of the latter theorem. Define m = max{mj| 1 < i < r}. Without changing the homotopy type 
of Emb c (UUK-E^) we can assume that the fixed affine embedding II; _ x gm. c-j. can b e factored 
through R m+1 . Moreover let us assume that t restricted on each component can be factored through an 
affine m-space V) C R m+1 , so that all V), i = 1... r, are parallel to each other and disjoint. For a space X 
let X be its one point compactification. Define Mj as a tubular neighborhood of z(R mi ) inside V, minus the 
point at infinity. Simialrly define M as an (m + l)-submanifold of R m+1 obtained as a tubular neighborhood 

of the wedge of spheres *011=1®"“) in R m +i minus oo. 

Remark 1.1. We don’t need it for any of our arguments, but one can show that each Mj is diffeomorphic 
to \ where i s an unknotted (m — to, — l)-sphere in R m . (By (—1 (-sphere as usual 

we understand the empty set.) One can also show that M is diffeomorphic to R m+1 \ V” =1 S m ~ mi , where 
V£_i S m ~ mi is an unknotted wedge of spheres in R m+1 . 

Proposition 1.2. The natural restriction maps 

r r 

Emb c (M,M d ) Emb c (JJM i; M d ) Ejjjb^JjK" 1 *,® 6 *) (1.1) 

i —1 i —1 

are weak equivalences. 

Proof. It is easy to see that the embedding spaces Emb c (M, R d ) and Emb c QJ^ =1 M t , R ri ) (respectively im¬ 
mersion spaces Imm c (M,R“) and Imm c (]J[_ 1 are homotopy equivalent to the spaces of partially 

framed long embeddings f[’ =1 (respectively immersions ]Jl_ 1 K mi K d ). By a “partially fram¬ 

ing” of a long link we mean that the zth component of a link has (m + 1 — m*) in case of M and (to — m.j) in 

4 We also believe that such invariants can be expressed as Bott-Taubes type integrals similarly to the Haefliger invariant [37]. 


6 



case of JJ[ =1 Mi everywhere linearly independent sections of the normal bundle, which must coincide with a 
fixed constant partial framing outside a compact set. When we pass to the homotopy fiber or in other words 
look at the spaces of partially framed embeddings modulo partially framed immersions this partial framing 
cancels out. □ 

One of the reasons we need all the components of our links to be of the same dimension is that we want to 
apply the theory [46, 20] of Goodwillie-Weiss manifold functor calculus. If F is a functor from a category 
of open subsets of a manifold (which serves as an input in that theory), the /eth approximation of F is 
denoted T^F, k < oo. The sequence {T^F}o<k<oo is usually called the Taylor tower associated to F, which 
converges, under good assumptions, to F. In our situation we apply the functor calculus to the categories of 
open sets of M, respectively of ]J[_ 1 Mj, whose complement in R m+1 , respectively in ]J*_ 1 R m , is compact. 

Proposition 1.3. The restriction map Emb c (M,R d ) Emb c (JJ[ =1 Mj, R d ) induces an equivalence of 
Goodwillie- Weiss towers 

r 

T k C*Emb c {M, R d ) T fc C'«Emb c (]J M u R d ), 0 < k < oo. 

i=1 

Proof. For k < oo, both TfcC*Emb c (M, R d ) and TfcC l *Emb c (]J(_ 1 Mj,R d ) are obtained as a homotopy limit 
over a finite diagram encoding the handle attachments and iteration of the limits over corresponding (k+ 1)- 
subcubical diagrams. One has a natural transformation induced by restriction between the two diagrams 
which is an objectwise equivalence. As a consequence the homotopy limits must be also equivalent. The 
case k = oo is obtained by taking k —> oo. □ 

Recalling that if A is a pointed topological space, then the sequence X x * = {X x • • • x A}fc>o is equipped 

k 

with a natural structure of a right T-module: to every finite pointed set we assign the space of base preserving 
maps from it to X. We have the following theorem in which the notations "hRmod" and "C'(*,K d )" were 
introduced in Section 0. 

Theorem 1.4. For d > 2max{?n,;| 1 < i < r} + 1, there is a quasi-isomorphism 

r 

C'*(E5S c (]jK m ’,K !i ))(8)Q~hRmod (C'*((VC =1 S' m *) x, ,Q),U»(C , (.,M d ),Q)) . 

*=l 

Proof. Let us start with the following weak equivalences. 

C'*Emb c (]J[^_ 1 M mi , K d ) ~ C*Emb c (]J[ =1 Mj,R d ) by Proposition 1.2 

~ r 00 qEiiib c (i]; 1 tf i ,i <i ) (i.2) 

— T 00 C*Emb c (M,K d ) by Proposition 1.3. 

The second equivalence is the fact that the Goodwillie-Weiss tower for singular chains of embeddings con¬ 
verges for d > 2m + 1 [46]. 

By the Arone-Turchin work [2], one has [40, Proposition 2.11], which states that if N C R” is the complement 
of a compact subset of R", then 

TooG*(Emb c (TV, R d ), Q) ~ hRmod(G*(7V x *), U* {C(m, R d ); Q)), (1.3) 
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where N is is an open subset of the one-point compactification of R" consisting of N and oo. This space is 
pointed at oo. In [40, Proposition 2.11] this result is stated in the range d > 2n + 1 as it uses the relative 
formality of the little discs operads which was proved at that time only in this range [28]. As it turned the 
relative formality holds in larger range d > n + 1 [44] implying (1.3) for d > n + 1. 

By rewriting (1.3) with our manifold M C R m+1 , we obtain the following weak equivalence (for d > m + 2): 

TooC* (Emb c (M,R d ), Q) ~ hRmod(C*(M x *), H*(C(»,R d );Q)). (1.4) 

Combining now (1.2) and (1.4), and using the fact that M is homotopy equivalent to \/l =1 S mi we get exactly 
the statement of our theorem. □ 

In [35] Pirashvili constructs a functor (called the cross effect ) 

cr: Rmod —> Rmod (1.5) 

r fi 

that turns out to be an equivalence of categories. Define 

#*(C(.,R d ),Q) = cr (tf*(C(.,R d ),Q)) . 

By noticing that the cross effect of C*((V’L 1 S' mi ) >< *,Q) is C*((Vt =1< S' mi ) A *,Q), where C'*(—) denotes the 
reduced singular chain functor, and "A" is the usual smash product of spaces, we have the following corollary. 

Corollary 1.5. For d > 2max{m,; 1 < i < r} + 1, there is a quasi-isomorphism 

r 

C*(E5S c (]jM m sR d )) <g>Q ~ hRmod (c.((Vj =1 5 m *) A *,Q),fl'.(C(»,M <, ),Q)) . 

2=1 

To finish the proof of Theorem 0.1 we only need to show that the Q-module C*((Vt =1 S' mi ) A •) is rationally 
formal. This follows from Lemma 1.6 and also the fact that each C'*((S' I7li ) A *), 1 < i < r, is formal (by [2, 
Lemma 8.5]). 

Lemma 1.6. Let X and Y be two pointed topological spaces. Assume that the right Cl-modules C*(X A# ) and 
C*(y A# ) are formal in the category Rmod of right Q-modules. Then C*((X V Y) A *) is formal in the same 
category. 

Proof. Notice first that for each k > 0 we have 

(IV7) At ~ \f x A/_1(1) AF a/ - 1(2) . 

/: {I,-,*;}—>{1,2} 

This implies 

c,pvy) Ak )~ 0 c t (i Arl(1) A7 Arl ( 2 >)~ 

/: ,*}->{1,2} 

0 (1.6) 

/: {I,--- ,fe}—*-{1,2} 
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Consider the contravariant functor X: El x £1 —> Ch*, from El x El to chain complexes, defined by A (p,q) = 
C*(X Ap ) ® C*(Y Aq ). Consider also the functor A: Rmocl —> Rrnod defined by 

A (/*)(*) = 0 m(/- 1 (1),/- 1 (2)), 

/: {1, •• ,fc}— V{1, 2} 

where /i is a right 17 x A7 module. By (1.6), A(A) is equivalent to G*((X V Y) A *) whose formality we want to 
show. Since A is formal by hypothesis, that is there exists a zigzag of natural quasi-isomorphisms, A ~ (A), 

between A and i?*(A), it follows that 


A(A)~ A(fT.(A)) = fl.(A(A)). 


□ 


2 Hairy graph-complexes 

The goal of this section is to prove Theorem 0.2 announced in the introduction. 

2.1 Graph-complexes and S^ 1 ' " ,mr,d 

In this section we will explicitly describe two graph-complexes: E^ 1 ’ ,mr,d and E™ 1 ’"' < mr ’ d . In the next 
section we will show that they respectively compute the rational homology and the rational homotopy of 
Emb c (ULr^,^). Our description is exactly the same as that of complexes EJI' n and £™-- n introduced in 
[3, Section 2.1], except that our graphs have their external vertices "decorated" or "colored" with {1, • • • , r} 
as the set of colours. As before the colours correspond to the components of the links. 

Let us start with E™ 1 w i 1 j c ] 1 j s a differential graded vector space spanned by some connected hairy 

colored graphs defined below, modulo certain relations. A hairy graph G is a triple (V G ,V g , Eq) where 

- Vq is a finite non-empty set whose elements are non-labeled external vertices of valence 1; 

- Vq is a finite set (which can be empty) whose elements are non-labeled internal vertices of valence > 3; 

- Eq is the set of oriented edges, which may include tadpoles and multiple edges. 

Notice that our graphs are connected. A hairy colored graph is a couple (G, fa) where fa ■ Vq — > {1, • • • , r} 
is a map from the set of external vertices to the set of colours. Given a colored graph G, an orientation 
set is the union Vq U Vq U Eq. Elements of Vq are assigned degree — d; elements of Vq of color i are 
assigned degree — mp, elements of Eq are assigned degree d— 1. We will say that a colored graph is oriented 
if it is equipped with a total order Oq of its orientation set. Two graphs (G, f q , Oq) and (G', /g', Oq>) are 
equivalent if there are two bijections 

9 : Vq GVq = Vq Vq' = Vq, U Vq, and h:E G ^E G ,, 

respecting adjacency, orientation of edges, order of orientation sets, and coloration. (Since g preserves the 
valence, it must send external vertices to external and internal to internal.) Let Q be the collection of all 
equivalence classes of oriented colored graphs, and let £™i’"' ,ITV,d denote the vector space spanned by Q 
modulo two relations in Q[£/]: 
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- (G,/g,Og) = (-1 ) d (G', f G ',0 G ') if (G,/g,Og) differs from (G',/g',Og') only by an orientation of 
an edge; 

- (G, f G , Og) = ±(G',/g',Og') if ( G',f G >,0 G >) is obtained from (G,/ g ,Og) only by a permutation of 
the orientation set. The sign "±" is the Koszul sign of permutation taking into account the degrees of 
elements. 

Given a colored hairy graph (G, /g), we define its degree as a sum of degrees of the elements in its orientation 
set: 

r 

degree(G) = (d-l)\E G \ - d\V £| ™*l/ g^*)!- 

i—1 

This endows ,m r ,d w j(-p a grading. It is also equipped with a differential d that turns it into a chain 

complex. The differential of a graph is defined as the sum of expansion of its internal vertices. More 
precisely, let (G,/g,Og) be an oriented colored graph. For any internal vertex x £ Vq of valence l, let 
(G px ,/Gpa., OG pa: ); 1 < p < n x , denote the graphs obtained from the expansion of x. One can see that the 
number of such graphs is n x = 2 l ~ 1 — l — 1. They are defined as follows. Notice first that an expansion 
produces a new vertex and a new edge. For 1 < p < n x , one has 

G PX = (Vg pm ,v£ p „,E Gp J = {Vi, Vh U { Vpx }, E G U {e px }), f Gp , = f G , 

and the orientation set has two more elements: v px - the new vertex, and e px - the new edge (oriented from 
the old vertex to the new one). Its order is defined as follows: v px < e px and for all y in the orientation set 
of G, one has e px < y (here "<" denotes the total order). 

The differential is then defined by 

d(G, f G , Og) = ^ 

x£V£ P=1 

Notice that there is no sign in each term of the differential. It is hidden in the way we order the orientation 
set and orient the new edge. Let us see one example. Assume that r = 2, that is, we have 2 colours, and 
consider the graph in Figure 1. 



The three graphs that appear in the differential of Figure 1 are Figure 2, Figure 3 and Figure 4. 

Now we define ’ mr ’ d as the cofree cocommutative coalgebra cogenerated by f™ 1 ’"' We can view 

E^ 1 ’ ’ mr ’ d ag a vector space spanned by all possibly empty or disconnected colored hairy graphs (with each 
connected component from £'"’ A 
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Figure 2 


V 



2.2 The rational homotopy of Emb c (]JJ =1 M d ) 



Figure 4 


The goal of this section is to prove Theorem 0.2, which determines the rational homotopy of the space 
Emb c (n; =1 K-,K d ). The plan of the proof is as follows. We will first prove that the graph-complex 
gmi,—,m, T ,d - g q uas pi somor phi c the complex hRmod(dd*((V[ =1 S mi ) A ',Q),H*(Bd(»),Q)) (where Bd de¬ 
notes the little d-disks operad). The latter complex is the derived mapping space. Since both the source and 
target have trivial homology, the complex itself is equivalent to a product of Ext groups that can be either 
computed by taking the projective resolution of the source (as in Section 4) or by taking the injective resolu¬ 
tion of the target. We show that the second approach produces exactly the complex Eg 1 '"' ’ mr ’ d . A similar ar¬ 
gument shows that j s equivalent to the derived mapping space hRmod(ff*((V[_ 1 S' mi ) A *,Q),Qi8) 

ir*Bd(»))- On the other hand, since ,mr,d computes ff*(Emb c (]JJ =1 Q)> by dimensional 

reasons we conclude that E™ 1 ’"' ’ r ' v ’ d computes Q (g> 7r*Emb c (JJ[ =1 R mi , R d ). Which finishes the proof of 
Theorem 0.2. 

In [3] Arone and Turchin explicitly describe a differential graded right 12-modules D * that turns out to be 
an injective resolution of H*(Bd(»),Q)- We will first recall the right T-module £)*, generated by certain 
graphs, introduced in [42]. For k > 0, D d is a vector space spanned by possibly disconnected graphs with k 
external vertices labeled by {1,..., k} of any valence > 0 and some possibly empty set of non-labeled internal 
vertices of valence > 3, such that each their connected component has at least one external vertex. Tadpoles 
and multiple edges are allowed. The graphs are oriented, and an orientation set of such graph consists of 
the union of edges (considered as elements of degree d — 1) and internal vertices (considered as elements of 
degree — d). Orienting a graph means putting a total order on its orientation set. As in Section 2.1, there is 
a similar notion of equivalence of graphs, and similar sign relations. Again as in Section 2.1, the differential 
is the sum of expansions of vertices (notice that, here, the expansion concerns both external and internal 
vertices). The expansion of an internal vertex is as in Section 2.1, while the expansion of an external vertex 
produces an external vertex (with the same label) and an internal vertex. 

It is well known that the sequence D * = {-D^}fc>o is an operad (Figure 5 shows an example of the composition) 
in differential graded cocommutative coalgebras (Figure 6 is an example of the coproduct in D d ). 

It is also well known [28, 42] that there is an inclusion of operads (in coalgebras) H*(Bd(*), Q) D d 
that turns out to be a quasi-isomorphism. This inclusion implies that D * is an infinitesimal bimodule over 
H*(Bd(*), Q), and therefore over H 0 (Bd(»),Q) = Com. By [2, Proposition 4.9], we deduce that D * is a 
right T-module. Moreover, since the right T-module structure respects the coalgebra structure, D * is a right 
T-module in coalgebras. Recalling the cross effect functor cr from (1.5), one defines the right 11-module D* 
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Figure 5: Examples of the insertion operation 
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Figure 6: An example of the coproduct in D d 



by 


Dd = cr(D'). 


It is easy to see (by the definition of the cross effect) that for each k > 0, D d is spanned by the same 
generators as D d , except that generators of D d are graphs whose external vertices are of valence > 1. The 
following result is [3, Proposition 2.6]. 

Proposition 2.1. The right Q-module D * is finite dimensional and injective in each homological degree. 
The inclusion H*(B d (»),Q) D d is a quasi-isomorphism of TL-modules and thus is an injective resolution 
for every given complexity. 

Remark 2.2. To recall the decomposition by complexity t in H*(B d (»),Q) is © t Rt(d-i)(^d( , );Q)- I 1n D d 
one defines a similar splitting saying that a complexity of a graph G £ D d is the first Betti number of the 
graph obtained from G by gluing together all external vertices. 

Theorem 2.3. For d > 2max{m,;| 1 < * < r} + 1 the graph-complex ^ quasi-isomorphic to 


hRmod (H*((V[ =1 5” 


,H*(B d (»), Q)), that is, 


'H 


— hRmod(R* ((V(_ 1 S ,mi ) A *, Q), H*{B d (»), 


( 2 . 1 ) 


Proof. The steps of the proof are the same as those of the proof of Theorem 2.2 from [3]. Thus, for certain 
details, we refer the reader to [3]. For each k > 0, let M(D d ) denote the subspace of D d generated by graphs 
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whose external vertices are of valence = 1. We have the following quasi-isomorphisms 
hRmod(H*((Vl =1 S mi ) A %Q),H4B d (*),Q)) 

~ Rmod(il*((V[ =1 £ mi ) A *,Q), D') by Proposition 2.1 

OO 

~ 0homs l ^i?*((V^ =1 S' mi ) Afe ,Q),M(£)^)^ by [3,Lemma 2.7 and Lemma 2.8] 

k—0 

hom Sfc ( 

k—0 \si-b 

oo 

® horns S1 X...XE S , (ff*(^ iroi+ • +5 ^,Q),M(^)). 

k—0 s iH-1 -s r =k 



© 

—| -s r =k 


Ind 


S„. x-xE, 


H*(S 


simiH-K s r m r 


),M(D k d ) by (0.3) 


By the description of the graph-complex Sf] 1 '"' ’ mr ’ d from Section 2.1, it is not difficult to see that there is 
an isomorphism of chain complexes 

OO 

s ^,-, mr , d ^0 0 homSsiX xEs ^ (H*(S s ' m '+ *W"',Q),M(D*)) , 

k—0 s iH-b s r =k 

which completes the proof. □ 

One should mention that the decomposition over (s l7 ..., s r ) above appeared exactly as the multidegree 
Hodge splitting. 

Remark 2.4. A careful reader might prefer to see a product instead of the direct sum used in the above 
equations. But it is easy to show that Sff 1 ’ ,mr,d j s finite dimensional in every homological degree, for which 
reason it would not matter wether we take a product or a direct sum of its components, see [2, Remark 13.3] 
and [3, Section 5] for degree estimates in similar graph-complexes. 

The following corollary is an immediate consequence of Theorem 0.1 and Theorem 2.3. 

Corollary 2.5. For d > 2 max {to,; 1 < i < r} + 1 the graph-complex ,d com p U ^ es fa e rational 

homology of the space Emb c (0-= W 1 ), that is, 

r 

H(£% u '" ’ mr ' d ) = (2.2) 

i=1 

Corollary 2.6. For d > 2max{mi| 1 < i < r} + 1 the graph-complex computes the rational 

homotopy of the space Emb c OIL M. mi , ]R d ), that is, 

r 

S.Q®^ ( ESb c( ]jR TO *,M‘ , )) . (2.3) 

i—1 

Proof. The desired result is a combination of Corollary 2.5 and the following two facts: 

- the rational homology of the space Emb c (n[ =1 K m -,K d ) is a graded polynomial coalgebra cogenerated 
by the rational homotopy of the same space; 
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- the subcomplex of Fff' ’ ’ nv ’ d , f ornle( j by primitive elements, is exactly the complex £™ 1 ’"' 

Note that these two facts imply that (2.2) and (2.3) are equivalent. □ 

Theorem 2.7. For d > 2max{?n,| 1 < i < r} + 1 f/ie graph-complex is quasi-isomorphic to 

hRmod(H*((V[ =1 5 m -) A V Q), Q ® 5r*B d (*)). 

Proof. The proof goes in the same way as that of Theorem 2.3. Instead of D* d , one contructs a complex of 
injective O-modules P* ~ Q © if(see [3, Proposition 2.4] or [42]) defined as the cross effect of the 
right T-module P* = {P d }k> o- Here P d is the primitive part of D d - it is spanned by so called internally 
connected graphs, that have exactly one connected component different from singleton. It is also important 
that the quasi-isomorphism P* — Q © if*£(./(•) respects the splitting by complexity t. In P* C D* it is 
recalled in Remark 2.2, while for the right-hand side it is Q © 7 T*Bd(*) — ® t Q © T^t(d- 2 )+i^d{*)■ □ 

We are now ready to prove Theorem 0.2. 

Proof of Theorem 0.2. It is an immediate consequence of Corollary 2.6 and Theorem 2.7. □ 


3 Low codimensional high dimensional string links 

This section is devoted to Conjecture 3.1. We explain here what supports this conjecture and why we think 
it is true. 

Conjecture 3.1. The statement (2.3) of Corollary 2.6 holds for any codimension d — max{?n,;| 1 < i < 
r} > 2, and any non-negative degree * > 0. 

There are two things that support this conjecture. Firstly, it is true for r = 1, which was recently shown by 
Fresse, Willwacher, and Turchin [16]. Secondly, Theorem 3.2 below shows that it is always true on the level 
of 7T 0 . 

As for the case r = 1, we expect two main ingredients in a possible proof of the conjecture: the relative Hopf 
formality of the little discs operads, which luckily holds in any codimension > 2 [44], and certain delooping 
statement for Emb c (]JJ =1 li mi ,K d ), which would say that Emb c (]J[ =1 R I " i ,K d ) is an iterated loop space 
of the derived mapping space between two algebraic objects described in terms of the little discs operads. 
Unfortunately, the problem of delooping in the case r > 2 appears to be much more difficult. An attempt 
for such delooping in the classical case of string links (all m, = 1) has been done in [13]. It describes an 
interesting possible candidate of the delooping, but unfortunately, the paper has a mistake in the proof of 
its main result. 

Theorem 3.2. For d— max{m,| 1 < i < r} > 2, 7roEmb c QJ’ =1 IR mi ,K d ), with the product induced by the 
concatenation of links, is a finitely generated abelian group. Moreover, one has 

r 

Q©7r 0 Eij)b c (]jK mi ,K d ) ~ H 0 £^’-’ m - d . (3.1) 

i= 1 
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One should mention that the fact that tt, Ernb c (ni =1 K m *,K d ), i > 0, are finitely generated abelian groups, 
easily follows from the embedding calculus, which is always applicable when codimension > 2 [19, 20]. 

This theorem is a consequence of Lemmas 3.3 and 3.8. Let us first understand the right-hand side of (3.1). 
The complex ,m r ,d splits into a direct sum of complexes 

cm,m r ,d _ cm i,--- ,m r ,d 

c tt — vly C g7r ’ 

9> 0 


where £££■’"' ,mT ' ,d is spanned by the graphs whose first Betti number (= genus) is g. 
Lemma 3.3. For d — max{m,;| 1 < i < r} > 2, = H<oSq™ 1 '"' ’ mr ’ d . 


Proof. It is enough to show that all the graphs of positive genus have positive homological degree. One 
can proceed by induction. The degree of any graph of the form ~^) is d — rn, — 2 > 0. Any uni-trivalent 

hairy graph is obtained from ” 1 O by a sequence of attachments of hairs (inside an edge) and edges (both 
endpoints on the same edge or on two difference ones). The first operation creates 2 new edges and two 
vertices - one external and one internal. The total degree change is 

2 (d — 1) — d — m,i = d — ?n,; — 2 > 0. 

The second operation creates 3 new edges and two new internal vertices. The total degree change is 

3(d — 1) — 2d = d — 3 > 0. 

Finally, any other hairy graph is obtained from a uni-trivalent one by a seqence of contractions of edges. 
Each such contraction increases the degree by one. □ 


In case r = 1, 


is always one-dimensional. In case of even codimension d — mi, it is spanned by the 


line graph-of degree d — 2m\ — 1; in case of odd codimension - by the tripod /*\ of degree 2d—2m\ — 3. 

The following result was obtained in [16] as a corollary of (3.1), which was proved there for r = 1. 


Corollary 3.4 ([16]). For d — m > 2, 7ro£’m& c (K 171 , M d ) is a finitely generated abelian group of rank < 1. It 
is infinite only if either m = 2k + 1, d = 4fc + 3, k > 1, or m = Ak — 1, d = 6 k, k > 1. 


One has a fiber sequence 


Ernb c (K m , R d ) -4 Ernb c (K m , R d ) -4 Cl m V m (R d ), (3.2) 

where E m (K d ) is the Stiefel manifold SO(d)/SO(d — m). (By the Smale-Hirsch principle Imm c (R m ,R d ) ~ 
fI TO V) n (R d )). From (3.2) we get the long exact sequence 

r r 

7r m+1 E m (R d ) A ^(IIR-R*) ^ 7r 0 Emb c ([jR m %R d ) n m V m (R d ). (3.3) 

i—l i =1 

The case m = 2k + 1, d = 4k + 3, k > 1, of the corollary corresponds to the graph-cycle-. Geometrically 

it appears as the image under j t of the Euler class of SO(d — m) in V^R 6 *) = SO(d)/SO(d — m). The case 

m = 4fc — 1, d = 6k, k > 1, corresponds to the graph-cycle Its image in 7ToEmb c (111= =1 R mi , R d ) under 
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A;* is the Haefliger trefoil [23], which is known to be trivial as immersion (equivalently lies in the image of 

ft*)- 

To describe HqSZ 1 ’ ’ mr ’ d we recall some standard facts and notation. 

The operad Lie is cyclic, thus Lie(n — 1) is a S n -module. The following result is well known. 

Lemma 3.5 ([29, 22, 9[). For n> 1, one has 

Lie(n — 1) ~ Erl ker ^Ind^((_ i Lie(?r — 1) A Lie(n)^ , 
where the map q is described below. 

Elements of Ind|”_ i Lie(n — 1) can be written in the form ctiXi <g> fi(x i,..., Xi ,..., x n ), where ai £ Q, 

fi £ Lie(?r — 1). The map q sends 

q- Xi® f i (x 1 ,...,x i ,.., i x n ) H- \x i ,f i (x 1 ,..ii i x i ,...,x n )\. 

For any symmetric sequence M (•) and any graded vector space V, we denote by 

Fm { .)(V) :=0M(ft) g> Efc V® k . 

k> 0 

Lemma 3.6. For any d — max{raj| 1 < i < r} > 2, 

’ mr ’ d = ^- d+3 F hH .-i)(HZK=iS d - m '- 2 ,Q))- 


Proof. It is well known that the homology of the complex of trees, whose leaves are bijectively labeled by 
{1,..., n}, is concentrated in the top homological degree and (up to a regrading and a possible tensor with 
the sign representation) is isomorphic to Lie(n— 1), see [47]. A careful count of the degrees and signs finishes 
the proof. □ 


In particular, this lemma says that HqSZ 1 ’’ m " r ’ d 

Fue(.-i)(H*(V r i=iS d - mi - 2 m- 


is isomorphic to the degree d 


3 part of 


Now we want to concentrate on the left-hand side of (3.1). Let Emb(]J[_- | S mi , S d ) be the space of smooth 
spherical links ]J^ = i F mi ^ S d . It was shown by A. Haefliger [24] that for d — max{mj| 1 < * < r} > 2, 
7ToEmb(]J)' =1 S mi ,S d ) is a finitely generated abelian group, whose product is defined as follows. Given two 
links Li,L 2 £ Emb(])J’ =1 S mi , S d ), we move one inside one semisphere, and the other inside the complement 
semisphere. Then we connect the components of L i with the corresponding components of L 2 by very 
narrow tubes to form a new link. The result as an element of 7ToEmb(]J[ =1 S mi , S d ) does not depend on 
the paths of the tubes since the complement of Li]JL 2 is simply connected. By TTQ^Emb^Ai S mi ,S d ), 
7rQ , Amb c (]J'_ 1 K 1 ™ 4 ,® 6 *)) 7rQ f Emb c (]JJ = i we denote the kernel of the corresponding map 


7r 0 Emb(]J S m ‘, S d ) ->• Y[ TT 0 Fmb{S m \S d y, 

i=1 i= 1 

r r 

7r 0 Ernb c (]jK m ',]R d ) ->• J|7r 0 Emb c (K mi ,K d ); 
i =1 i=l 

r r 

7T 0 EiOb c (]jK m ',]R d ) ->• Jj7r 0 Emb c (K mi ,]R d ). 

i =1 i =1 
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The letter U refers to “unknot”. Each of the groups is the subgroup of links formed by unknots. 

The following lemma proves the first statement of Theorem 3.2. Its proof is an easy exercise, which we leave 
to the reader. 

Lemma 3.7. For d — max{r?Zj| 1 < i < r} > 2, one has isomorphisms of monoids (and thus of finitely 
generated abelian groups): 


7r 0 Emb c (U ' =1 IE 
7r^Emb c (U[ =1 ] 


— 7r 0 Emb(IJ[ =1 S mi 1 S d ); 

~ ^EmbedJ^r , R d ) ~ ^EmbdJLr ' > S d ); 


7r 0 Emb c (U' = i, 


- A Em b c (IJi=i 1 


x n )=i TToEmbc 


By [24] and Corollary 3.4, 7i"oEmb(]J[ =1 S mi ,S d ) and 7r 0 Emb c 
thus 7ToEmb c (]J[ =1 is so as well. 

Define the groups 


m\...m r d _ . r od——1\. 

U •— 7 r d-2(Vj =1 0 ), 


are finitely generated abelian groups, 




-0^(VL iS* 


'—rrii — l \ 


i =1 


—mi.. .m r d ,-7-mi.. ,m r d go —m\...m r d. 

K := ker(A —> II ), 

here go : [a\...a r ) i-)- <*»]> where [., .] is the Whitehead bracket, i* € 7r d-mi-i(V” =1 S' d_mi_1 ) is 

the element encoding the inclusion of the i-tli summand S d ~ mi ~ 1 V r i=l S d ~ mi ~ 1 . We also define their 
subgroups 

U mi ' mrd := ker ^7r d _ 2 (V” =1 ^- m '- 1 ) -»• 0 Tr d _ 2 S d - mt ~ 1 j ; 

r 

A mi-mrd 0 ker . 

i =1 

j^m\...m r d ker(A mi "' mT ’ d ^ ...m r d ^ 

Lemma 3.8. For d — max{mi| 1 < i < r} > 2, 

r 

Q <g> 7r o ra c (U ,R d )-Q® K mi " mrd ~ HoSZ 1 ’"' ^ ■ ( 3 . 4 ) 


Proof. We prove below the second isomorphism in (3.4) for any r > 1. Thus, by Corollary 3.4 it’s enough to 
show the first isomorphism only for r > 2. In [24], A. Haefliger develops a homotopical approach to compute 
7ToEmb(m =1 S mi ,S d ). Using this method it was shown in [10, Lemma 1.3] that 

r 

Q ® 7r^Emb(]J S m \S d ) = Q® K ^-m r d_ 

i =1 


17 



Applying Lemma 3.7, we get 


Q® 7r 0 Emb c (Q]Er\R d ) ~ Q ® 7r^Emb c (]JR m *,K d ) © 0Q ® 7r 0 Emb c (M m< ,]R d ) 

i—1 i—1 i—1 

r 

~Q® K mi ' rnrd © 0 Q ® K m ' d ~Q® if" 1 '"' 

i= 1 

The last isomorphism is due to the splittings 

U mi - mrd = © 0 T: d _ 2 S d ~ m '- 1 = © 0 U mid ; 

i=1 i=1 

A mi ~mr d . A rm...m r d © 0 7T = A "*-"** © 0 
i=l i=l 


and also the fact that go sends each summand of A™ 1 "’™^ to the corresponding summand of jj mi ' mr< l 
To see the second isomorphism of (3.4), we notice that 

Q® 7r*(V[ =1 S' d_m * _1 ) ~ £F Lie( . ) (j^VU^~ , " i ~ 2 ,Q)). 

Thus Q ® Y[ nil --- mrd j s the degree d — 3 part of K Lie ^,) (Il t (Vl =1 S d ~ mi ~ 2 , Q)). Similarly, one can see that 
Q® A™ 1 '" nird i s the degree d — 3 part of E Ind s. Lie (._ 1 )(-ff*(V’L 1 <S' d_mi_2 ,Q)). Thus j^ mi - mrd j s the degree 
d — 3 part of 


k® 1 ’ ( ^Indg* Lie(»-l)^*( V i=l^ 


dL—rrii — 2 


Fue(.)(H*(V r i=1 S‘ 


d—rrii — 2 


which by Lemmas 3.5 and 3.6 is the same as Hq£ q^ 1 ’ ' m 


□ 


4 The Koszul complexes 

By Theorems 0.1 and 0.2, the rational homology and homotopy of Emb c (111= is described in 

terms of derived maps of right 0-modules. In this section we exhibit explicit complexes computing the 
(co)homology and homotopy of Emb c (])J) =1 K mi ,K d ) by considering the projective resolution of the source 
O-modules in (0.8) and (0.8). We call these complexes Koszul as they are constructed using operadic language 
and the Koszul duality between the commutative and Lie operads. At the end of the section we show that 
the Koszul complexes can also be used to understand rationally the stages of the Goodwillie-Weiss towers 
for Emb c (IH =1 K m SK d ). 

For si, • • • , s r > 0, recall the definition of the right Sl-module Q™}.",'™ r (it was introduced in (0.5)). 


QT.:: s 7 r ( k ) = 


Indv 


•xE, 


H*(S' 


simiH-b s r m r 


if k ^ S\ - h ‘ ‘ H - S r 

if k = Si + • • • + s r 


(4.1) 
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Proposition 4.1. For d > 2max{mj| 1 < * < r} + 1, one /ias quasi-isomorphisms 

r 

a(EEb c (nK' m ‘,K d ),®Q)^ 0 hRmod(0-™,^ (d _ 1) (C(.,M d );Q)) (4.2) 

i= 1 si,--- ,s r ,£>0 

r 

7r*Emb c (n K d ) ®Q^ 0 hRmod(Q™™, n t{d _ 2)+1 C(*, R d ) 0 Q) (4.3) 

*=1 si ,••• ,s r ,i>0 

Proof. This is a direct consequence of Theorems 0.1 and 0.2 and the fact that both the source and target 
fl-modules in (0.1) and 0.2 split into a direct sum/product. The only thing we need to understand is why 
the product can be replaced by the direct sum. This follows for example, from Remark 2.4. □ 

4.1 The Koszul dual of the right f2-module 

In this section we will find a cofibrant replacement (the model structure we use in the category Rmod is 
the one whose weak equivalences and hbrations are levelwise), denoted by CQ™l'.' s mr , of Q™k. g TOr . We will 
follow exactly the same steps as in [3, Section 5 and Section 6], where this was done for r = 1. This cofibrant 
model will furnish us the so called Koszul dual of Q™]'.'.'™ 7 ', which will be denoted by KQ r ff\]]'J nr . We will 
also explicitly describe CQffy/J 11 ' 1 ' (and then explicitly describe KQ™]'//™ 7 ) in terms of certain spaces of 
colored forests. 

Let us start with an explicit description of Notice first that when r = 1, Q"[!.7 g [" r is exactly 

the right fl-module Q™ that appears in [3, Section 5]. Notice also that CQ™ is explicitly described in that 
section in terms of forests. Here we will describe CQ r f i \'.'.'J n ' r in a similar way, except that in our case we will 
get "colored forests" with {1, • • • , r} as the set of colours. The main idea of this construction is that right 
O-module is the same thing as the right module over the operad Com + of commutative non-unital algebras 
(that is, Com + is the commutative operad with zero in arity zero). 

Recall first two standard notations. The first one is the operation "o" (explicitly defined in [30, Chapter 5]) 
in the category of symmetric sequences in chain complexes [30, § 5.1]. Intuitively, if M = {M(n)}„>o and 
N = {iV(n)} n >o are two symmetric sequences, elements in M o N(n) are of the form x(y i, • • • , yk), where 
x £ M(k ), yt £ N(ik), and ii + ■ ■ ■ + ik = n (one should think about an element in M{k) as an operation of 
arity k). Note that one can define "o" in the category of symmetric sequences in any cocomplete symmetric 
monoidal category. This operation defines a monoidal structure on symmetric sequences. The unit for this 
structure is the sequence 1, defined as 1(1) is the unit and every l(n), n ^ 1, is the initial element. Notice 
also that monoids with respect to o are operads. The second notation is that of suspension of a symmetric 
sequence. Let M = {M(n)} n >o be a symmetric sequence in chain complexes. The operadic suspension, 
denoted by M[l], of M is a symmetric sequence defined by 

M[l](n) = E" _1 M(n) 0 sign, n , 

where E n_1 is the usual (n — 1)— suspension, and sign n is the sign representation of £ n . Notice that an 
operadic suspension of an operad is again an operad because of the identities 1 [1] = 1 and (M o IV) [1] = 
M[l]oN[l]. 

Given a right module 1Z over any Koszul operad /C, Fresse defines in [15] a cofibrant replacement, denoted 
by CTZ , of 1Z. If K) denotes the cooperad Koszul dual to K,, as a symmetric sequence CTZ = IZoKf [1] o JC. Its 
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differential consists of three summands. The first one is induced by the internal differential on TZ. The second 
one arises from the right K, module structure of TZ. The third one arises from the left 1C module structure of 
1C. Notice that CTZ as a right K. module is freely generated by the symmetric sequence KTZ = TZo KL. This 
sequence KTZ with its natural differential is sometimes called the Koszul dual of TZ. Notice that it naturally 
carries the structure of a right Kf [1] comodule. Applying Fresse’s construction to Q™, viewed as a right 
module over Com + (here the action of Com + on Q™] .V s " lr is trivial), and by noticing that the cooperad 
Koszul dual of Com + is coLie, we get 

CQ ™™ = QT 1 Y.: s T r ° coLie[l] o Com+, (4.4) 

where coLie is the dual of the operad Lie of Lie algebras. For obvious reasons only the third summand in 
the differential will be non-trivial. The equation (4.4) allows us to explicitly describe the right O-module 
GQ™ l.V s (" r . Recall that the cooperad coLie can be described as certain space of trees modulo Arnold (3 
term) relations [39]. Let A be a finite set of cardinal k. Then CQ™ 1 .;;'™ r (A) or simply is a 

chain complex spanned by the following set 7'™ r .' s ' mr (k) of oriented colored forests: 

• A vertex in such forest F is a nonempty subset of A. The set of vertices forms a partition JJ ; A, of A. 

• Vertices of F. labeled by subsets A,;, are connected by edges so that no cycles appear, or, in other 
words, the obtained graph is a forest. 

• Such forest F must consist of exactly Si + • • • + s r trees. We denote by Tp the set of its connected 
components. 

• A colored forest is a couple (F, /), where F is a forest as above, and /: Tp —► {1, • • • , r} is a map 
(called coloring) from the set of trees in F to the set of colours {1, • • • , r} such that for alii = 1, • • • , r, 

/ ’(Ol = «*• 

• An oriented colored forest or an element in F r ff'C s rrir {k) is a triple ( F,f,0 ), where (F, f) is a colored 
forest, and O = Tp U Ep (here Ep denotes the set of all edges in F ) is endowed with a total order <. 
The set O is the so called orientation set. 

We define a degree of an element of (k). Let (F, f, O) be any element in FlfF s r f lr {k). Each edge of 

F is of degree 1. A tree T in F is of degree to, if T € f~ 1 (i). The total degree of (F, /, O) is then 

deg (F,f,0) = \E F \ + ^2 s i m i- (4.5) 

l<i<r 

Let Q[Ff‘F.' s rnr (k)} denote the graded vector space over Q spanned by F r ffC s rnr {k). We consider two relations 
in (fc)]. The first one is the sign relation denoted by sign. More precisely, let (F\, fi,Oi) and 

(F 2 , / 2 , 0 2 ) be two forests. We write (F lt /i, Oi) = ±{F 2 , / 2 , 0 2 ) if (Fi, /i, Or) differs from (F 2 , / 2 , 0 2 ) only 
by reordering of the orientation set. The sign is the Koszul sign of permutation taking into account the 
degrees of the elements. The second relation is the Arnold’s relation, denoted by Arnold, which is of the 
form 
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+ 


0 




Arnold’s relation 


This relation is local, that is, all other vertices and edges are the same in each summand. Finally there 
is a differential in (A:)] defined as follows. For an edge e £ Ep, let (F/e, f,0\{e}) be the forest 

obtained from (F, f, O) by contracting e. Recall that every vertex in F is labeled by some subset A, C A. 
When an edge between two sets Aj and Aj is contracted, the new vertex is assigned the set A, U A y Define 
a sign (—l) e £ {—1,1} by (—l) e = (— l)^*<e 1*1. The differential of ( F, f, O) is defined by 

d(F, f,0) = (-1 ) e (F/e,f,0\{e}) 

e^Ejr 

f Qf jr m l - m r (£\i 'j 

The sequence | sign Arnold J I s equipped with a structure of right fl-module defined as follows. Let 
g: A' —> A be a surjective map from a finite set A' (of cardinal k') to A (of cardinal k). Define 

* Q[^.v.^(A)] 

g : - i — - —> -i— - 

sign, Arnold sign, Arnold 

as the map sending a forest (F, /, O) to the forest g* (F, f, O) obtained by replacing each vertex of F labeled 
by a subset Ai C A by a vertex labeled by A[ = g~ 1 (Ai). Notice that the orientation and the coloration of 
g*(F, /, O) remain unchanged. It is easy to see that the right D-module CQ™l.. s ( n ’' defined by (4.4) is exactly 

. We reiterate, one just need to recall and apply the description of coLie in terms of spaces of 
trees modulo Arnold relations [39]. 

Now we will describe the Koszul dual KQ r y --. y lr of <5™ 1 .'.' S ™ T '• It is defined as 

/'Q"'• tc.;r °<-oi-ie;ij. 

So C'Q™1.V s (" t ', viewed as a right Com + module (we can view it like this because of (4.4) above), is freely gen¬ 
erated by the symmetric sequence KQ 1 J' i ];yJ rir . By definition we have an inclusion KiQ y ]'.'. 6 ,nr C CQ™l.V s ™ T ', 
and generators of KQ™ l.'.' £ ” v are forests ( F,f,0) whose all vertices are singletons. Notice that for each k, 
KQ™]:: s mr (k) is concentrated in the single homological degree 

r r r r 

y. miSi + y(ki - Si) = y(sj(mi -l)+kj) = y Siinii - 1) + k, 

i= 1 i = l i=1 i= 1 

where ki is the number of vertices colored by i (so k = k\ + + • • ■ + Ay). 

The Koszul dual ATQ™l.'.' s ™ r is isomorphic to a symmetric sequence related to the homology of configuration 
spaces as we will see in Proposition 4.2 below. Before stating this proposition we recall some notation. For a 
pointed topological space X, and for p > 1, let A P X denote the "fat diagonal" in X Ap = X A • • • A X y (recall 

p 

that the symbol "A" is that of the smash product). More precisely, we have 

A p X= IJ {(si,--- ,x p ) eX Ap \ Xi = Xj }. 

1<*7D'<p 


21 










Proposition 4.2. For s 1 , • • • , s r > 0, and for k > 0 t/iere is an isomorphism of symmetric sequences 


^Qrr r (*)= 0 Ind^0F (mi _i) Si+fei (5^ fe VA fe ^ m %Q) , (4.6) 

• = fclH-h^r V Z=1 / 

where E^r = Y,j~ 1 x • • • x E*^. 

Proof. The first thing to note is the following. For 1 < i < r one has 

H*(S miki /A ki S mi ,Q) = (4.7) 

where i2*(—) is the locally compact singular homology functor. The rest of the proof uses the Poincare 
duality between H*(C(k, R m ), Q) and H mk (C(k, R m ), Q), and also the fact that the latter cohomology 
admits a nice description in terms of forests (see [1, 8]). □ 

Remark 4.3. There is a more natural topological way to prove (4.6). In [2, Section 11] one can find a general 
statement, saying that for any pointed space X, the Koszul dual of C(X^*) is equivalent to C*(X A */A*X). 
In our case X = V) =1 S' mi , because of the formality the singular chains can be replaced by the homology: 

KH*((V r i= iS m T', Q) = H* ((VUS mi ) A '/A‘(V r i=1 S m >),®) 

= 0 lnd^H4A r i=1 (S m ^/A kl S m ®,®), 

/Cl + ... + fe r = * 

where as before E -r = E*,, x ... x Efc r . 

4.2 Koszul complex computing the rational homology of Emb c (]J' =1 M d ) 

In this subsection we describe a complex computing the rational homology of Emb c (Ii^R-K"). 

Recall the following definition. 

Definition 4.4. Let V = {P(n)} n >o and W = {IT(n)}„>o be two symmetric sequences. Define a new 
symmetric sequence V®W by 

V®W{n)= 0 Ind|)) xE<j P(p)®TT(g). 

p+g=n 

In practice we need to deal with multigraded vector spaces. Besides the usual homological degree, they 
will have the Hodge multi-grading (si,..., s r ) and grading by complexity t. As usual when we take tensor 
product all the degrees get added. 

Proposition 4.5. For d > 2max{m.i| 1 < i < r} + 1, there is a quasi-isomorphism 


. fc >0 


a(Emb c (TTR TO %M d ),Q)~ 0hom Efc ( § H*(C(»,R mi ),Q){k), H*(C{k,R d ),Q)) ,d 

J L \ \ l<i<r ' 


- 0 hom s fcl 




x...xSt. 1 ® H*(C(k i ,R mi ),H*(C(k 1 + ... + k r ,R d ),®) ) ,d | . (4.8) 

l<i<r 
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The differential d here is defined similarly to the r = 1 case [3, Subsection 5.2]. We won’t describe it explicitly 
here. However, in next Subsection 4.3 we describe explicitly the dual complex computing the cohomology of 
the space of links. 

Proof. It follows essentially from Proposition 4.1 and Proposition 4.2. The idea is to replace each term in 
the right hand side of (4.2) by Rmod(CQ™l.'.' s ™ r , M d ); Q)) (since, in Section 4.1, we have seen 

that CQ™];; s r f lr is a cofibrant replacement of , and use the fact that is freely generated 

by KQ™];y s mr . The rest of the proof is very similar to [3, Section 5.2]. □ 


4.3 Graph-complex computing the rational cohomology of Emb c (]J' =1 M d ) 


In this subsection we will explicitly describe a graph-complex, denoted ,mr ’ d , computing the rational 

cohomology of Emb c oi: =1 R"\R d ) and which is dual to (4.8). Notice that the graph-complex HH m ’ d was 
described in [3, Section 5.3]. In a similar way we will describe here ’ mr ’ d . Our complex will be 

colored by the set {1, • • • , r} of components of our links. 

By taking the dual of (4.8), and recalling "(g)" from Definition 4.4, we have a quasi-isomorphism 


C*(Emb c (JJ^ 

i =1 

® ® ( 

i 0 k=k±-\ -b k r 


Ind lbx...xs fr ^-*C , (fcn® mi ) ® ® H^C(k r ,R mr )J <g E)c H*C(k,R d ), d 

® Sli x...x Eti . H*C(k,R d ), d 


© 0 (ff- *C(fci,K mi 

i/c>0 k=k±-\ -b k r 


By using the Poincare duality, one has 

H-*C(k t ,R mi ) ^ H* +miki C(ki,R mi ) (g (sign fc .)® mi , 1 < i < r. 


(4.9) 

(4.10) 

(4.11) 


(4.12) 


The equations (4.11) and (4.12) tell us that the cochain complex C* (Emb c (b[] =1 R mi , R d ), Q) is quasi¬ 
isomorphic to a complex whose building blocks are the cohomology groups of configuration spaces, which 
are well known (see for example [1, 8]). Recall that H*(C(p,R n )) is an algebra generated by elements 
g, j , 1 < i j < n, of degree n — 1, modulo relations 

Qij = (-1 ) n gji, glj = 0, and the Arnold relation: g^g^k + gjkgki + gkigij = 0. 


This cohomology algebra admits a nice description in terms of certain spaces of forests. To every non-zero 
monomial, one can assign a forest putting an edge from vertex i to vertex j for each factor g t j. Us¬ 
ing this description, and using (4.12) and (4.11), we have the graph-complex HH mi ’ '’ mr ’ d (computing 
.ff*(Emb c (b[] =1 R mi ,]R d ),Q)), which is described as follows. It is a graded vector space spanned by some 
set, denoted Q, of graphs, modulo certain relations. An element in Q is a quadruple ( G , /<£,, Oq), where 


• G = ( Vg,Eq ) is a graph, possibly disconnected, in which Vq is a finite set of non-labeled vertices 
(vertices are non-labeled because the last tensor product in (4.10) is taken over E k), and Eg is a finite 
set of oriented edges; 
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• /q : Vq —> {1, - - • , r} is a function (possibly non-surjective) called a coloration of vertices, and 
/q : Eg —► {0,1,-•• ,r} is a similar coloration of edges . We say that elements in (/g) _ 1 (*) are 
vertices colored by i. Similarly for edges, elements in (/q) _1 (*), 1 < i < r, are said colored (by i), 
while the elements in (/§) -1 (0) are said non-colored edges. The latter edges (corresponding to genera¬ 
tors of H*(C(k, R d ), Q)) can connect any two vertices, while colored edges (corresponding to generators 
of H*(C(ki,W mi ), Q)) connect only two vertices having the same color (see Figure 7 in which r = 2). 

Figure 7: A graph in Q 

There are two restrictions on such graphs. If we remove all colored edges, the resulting graph is a 
forest in which each connected component has at least two vertices. On the other hand, if we remove 
all non-colored edges, the resulting graph is a forest with any type of connected components; 

• Oq is a total order of the orientation set of G, where the latter one is defined in two equivalent ways. 
One switches from one description to another by applying the Poincare duality (4.12). The first way 
naturally reminds the Bott-Taubes integration. The second way is algebrically more natural from the 
point of view of Koszul duality. In the first way, the orientation set is the union of the set of 

- non-colored oriented edges (considered as elements of degree d — 1), 

- colored oriented edges (an edge colored by i is of degree to* — 1), and 

- vertices (a vertex colored by i is of degree —mi). 

In the second way, it is the union of the set of 

- non-colored oriented edges (considered as elements of degree d — 1), 

- colored non-oriented edges (of degree —1), and 

- connected components with respect to colored edges (such a component, whose edges are colored 
by i, is of degree —mi). 

Let Vect[(7] denote the vector space over Q spanned by Q , modulo the following relations. 

- G = ±G' if G differs from G only by the order of the orientation set. The sign ± is the Koszul sign of 
the corresponding permutation taking into account the degrees of the elements; 

- G = (—1 ) d G' if G differs from G' only by the orientation of a non-colored edge; 

- G = (—1 ) mi G' if G differs from G' only by the orientation of an edge colored by i; 

- The Arnold relations with respect to both colored and non-colored edges. 

Notice that the third relation is valid only when we consider the first definition of an orientation set. The 
differential, denoted S, in Vect[<7] is the sum of contractions of colored edges. In the second description of 
orientation sets, the sign is defined by pulling on the first place of the orientation set the colored edge which 
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is contracted and then removing it from this set. For the fist description of orientation sets, the sign is 
slightly more complicated. We need to pull on respectively first and second places of the orientation set the 
contracted colored edge and the vertex, which is its source (to recall this edge is oriented), and then remove 
both of them. 

Definition 4.6. 

HH m 1 ,-,m r ,d = ^Vect[G],S). 

The following result is an immediate consequence of (4.10), (4.11), and (4.12). 

Theorem 4.7. For d > 2max{?n,;| 1 < i < r} + 1, we have an isomorphism 

r 

H*(HH rni ’-"’ mr ' d ) £* H* (Emb c ( , R d ), Q). 

i =1 

Remark 4.8. Notice that disjoint union of graphs defines a product on HH mi ' ' ,r ” r ’ . Moreover the latter 
complex is a free graded commutative algebra generated by its subcomplex HH™ 1 ’ ’ ,mr ’ d of connected graphs 
(with respect to both colored and non-colored edges). Therefore the homology of HH™ 1 '"' r,d is naturally 
isomorphic to the space dual to the rational homotopy of Emb c (111=1^,^). 

4.4 Koszul complex computing the rational homotopy of Emb c (]JJ =1 M. d ) 

Similarly to Proposition 4.5, we get: 

Proposition 4.9. For d > 2max{mj| 1 < i < r} + 1, there is a quasi-isomorphism 


7r*Ernb c (]jM m *,M d )8)Q~ 

i=1 


®hom Efe 

fe >0 


l<i<r 


R*(C(. 


i ),Q)(k),TT*C(k,R d ) (gi ( 



- ® hom Efc 


•XSfc 


l<2<r 


fl,(c(f„r),i t c(ti +... + k r ,R d ) 



(4.13) 


The differential d here is defined similarly to the case of the homology complex. For the r = 1 case, see [3, 
Subsection 5.2]. 


Proof. Analogous to the proof of Proposition 4.5. 


□ 


4.5 Truncations of the Koszul complexes and the Goodwillie-Weiss tower 

Contrary to the hairy graph-complexes, the Koszul complexes are well suited to determine rationally the 
Goodwillie-Weiss approximations for Emb c (U- =1 K m ',K d ). 


25 



Theorem 4.10. For d — max {to, 1 < i < r} > 2, one has 


T„a(Emb c ([jM” l SR rf ),Q) 

i =1 


© hom S fc 
0 <k<n 


l<i<r 




•),Q )(k),H t {C(k,R d ),i 



0 horns. 


x...xS fc 


l<i<r 


U4C'(fc„K m *),lf*(C(fci + ... + fc r ,M !i ),Q) ),0 . (4.14) 


Notice that the range is improved compared to Proposition 4.5, essentially because we do not need the conver¬ 
gence T 00 C*(Emb c ({J’ =1 K mi ,K d ),Q) ~ C*(Emb c ({J' =1 K mi ,® d );Q) (which does require d > 2max{TOj| 1 < 
i <r} + 1). 

Since the homotopy limit does not commute with singular chains functor, in general 

r r 

C* (T„Emb c ([] , K d ), Q )^T n C. (E^b c ([] M m *, R d ), Q). 

i =1 i=l 

Thus the methods of this paper are not applicable to understand rationally T n Emb c (]J[_ =1 , R d ) even in 

the range d > 2 max {to,; 1 < i < r} + 1. However, we believe in the following: 

Conjecture 4.11. For d — max{TOj| 1 < i < r} > 2, one has 


7r*T n Emb c (]J , R d ) <g> Q ~ 

i—1 


0 hom Sfc 


t 0 <k<n 


1 <i<r 


i?*(C(. 


•),Q)(fc),7f*C(fc,K d )g)Q ,3 


0 horns. 


• xSfc 


1 <i<r 


H4C{h,R m '),Q),Tf,C(k 1 + ... + k r ,R d ) 


^ k i +... -\-k r < r 



(4.15) 


This conjecture can be viewed as a refinement of Conjecture 3.1 and for r 


1 has also been shown in [16]. 


Proof of Theorem f.10. Let f l n , respectively T n , denote the full subcategory of O, respectively E, consisting 
of sets, respectively pointed sets, of cardinal < n, respectively < n + 1. The Pirashvili cross effect functor 
restricts to an equivalence of categories also for truncated modules: 

cr: Rmod —> Rmod. 
r„ 


Similarly to (1.4), which holds for d — max{m, 1 < * < r} > 2, one gets 


T n C*(Emb c (Q] 


i =1 


;,Q) ^ hRmod(C*((V{ =1 S mi ) x *), H* (C(*, R d ); 


(4.16) 


Now using the fact that truncation commutes with the cross effect and also the formality of the 0-module 
<5*((VF = iS m -) A *,Q), we get 


T n a(Emb c (]J R m ' ,K d ),Q) = hRmod ((V{ =1 S m -) A *, Q), H* (C(., R d ), Q)) 

i =1 


~ n hRmod (g”N^ t(d -i)(C(.,K d ),Q)) 


II hRmod (Q™™,tr„ff t(d _ 1) (C(.,M d ),Q)) , 

••• ,s r ,t 

(4.17) 
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where the functor tr n 


: Rmod 
n 


Rmod is defined by 
n 


tr n M(k ) 


M(k), k < n; 
0, k > n. 


The last equality in (4.17) follows from [45, Proposition 4.8]. 5 6 

Now replacing Q™l.'.' s mr by C'<5™ 1 .'.' S ™ T ', we notice that only finitely many factors in (4.17) are non-zero, and 
the obtained complex is exactly the truncated (4.8). □ 

Remark 4.12. The space Emb c (])J) =1 R mi ,M d ) can also be studied by the multivariable manifold calculus [33] 
similarly to the case of classical (all nii = 1) string links considered in [3f]. We expect that analogously to 
Theorem 4-10, one can show that for d — max{rrij| 1 < * < r} > 2, 


T ni ..,n r C* (Emb c (]^J , M d ), Q) ~ 

i =1 

0 hom SfciX ... 


We also conjecture that in the same range, 


xe*„1 0 H,{C{k i ,W n *),H,{C(k 1 + .. 

l<i<r 


t T„ 1 ...^Emb c (]jM ro SR d ) l 


i =1 


0 hom s fel 


l kj <n 7 - , i— 1.. 


X...XE*, 1 0 H if (C(k l ,R m '),7T, f C(k 1 +... 

l<i<r 


+ k r ,R d ),Q)) ,d . (4.18) 


k r ,R d )®Q),d . (4.19) 
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